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Abstract On spacetimes that are not time orientable we construct a U(1) bundle
to measure the twisting of the time axis. This single assumption, and simple con-
struction, gives rise to Maxwell’s equations of electromagnetism, the Lorentz force
law and the Einstein-Maxwell equations for electromagnetism coupled to General
relativity. The derivations follow the Kaluza Klein theory, but with the constraints
required for connections on a U(1) bundle rather than five spacetime dimensions.
The non time orientability is seen to justify and constrain Kaluza Klein theories
exactly as required to unify gravitation with electromagnetism. Unlike any other
schemes, apparent net electric charges arise naturally because the direction of the
electric field reverses along a time reversing path. The boundary of a time revers-
ing region can therefore have a net electric flux and appear exactly as a region
containing an electric charge. The treatment is purely classical, but motivated by
links between acausal structures and quantum theory.
Keywords Maxwell’s equations · time orientability · topology of spacetime ·
Kaluza Klein
PACS 03.50.De · 03.65.Vf · 02.40.-k · 04.20.-q
1 Introduction
Given a U(1) bundle over a 4D spacetime manifold, it is well known that the cur-
vature of the bundle gives the same equations as the source-free Maxwell equations
(The derivation is given in a many lecture notes and books on vector bundles and
differential geometry [1,2,3] for example). Here we consider some of the conse-
quences of spacetime not being time orientable, and use the non-orientability of
time to define a U(1) bundle over a spacetime manifold. Our construction not only
gives a geometric origin to the U(1) bundle, it also goes further in deriving the
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equations of electromagnetism including some aspects of quantisation. Although
this paper is entirely classical, the lack of a time orientation gives new results and
is motivated by earlier work linking spacetimes that are not time orientable with
foundations of quantum theory [4,5], the existence of electric charges [6], and spin
half transformations of elementary particles [7].
Orientability is a global property, locally every manifold is orientable. It is a
global topological property that is not directly related to intrinsic curvature. A
plane, cylinder and Mo¨bius band are all flat manifolds, yet only the Mo¨bius is
non orientable. It should therefore be clear that the intrinsic curvature and hence
Einstein’s equations of general relativity don’t give information on the orientabil-
ity. The manifold can twist and turn independently of the intrinsic curvature. In
differential geometry, information about the ”twisting and turning” of the tan-
gent plane is held in the connection one-forms. In this paper we add the simplest
additional structure to spacetime that allows us to use smooth functions on the
manifold to characterise the time orientability. .
If a spacetime is not time-orientable then a closed path exists round which the
direction of time reverses. The simplest example of non-orientability is the Mo¨bius
strip. On the Mo¨bius strip left-handed and right-handed cannot be consistently
defined over the whole surface. A left-handed coordinate basis changes to a night-
handed one when going round the circumference of the strip. The Mo¨bius band
can also be thought of as a spacetime diagram for a circular space, S1, and a
non-orientable time. The direction of time reverses on a path around the circum-
ference S1 of the band. Note that our usual image of a Mo¨bius strip is as a 2D
surface embedded in 3D. However the embedding is not unique and the Mo¨bius
can be defined in a number of ways without resorting to any embedding at all.
More importantly, it has topological properties (The non orientability) that can
be described independently of the embedding.
Of particular interest is a model of a particle as an asymptotically flat spacetime
manifold with a region of non trivial topology where time is not orientable. We
therefore have a classical model for a particle and structures which can be used to
derive equations similar to electromagnetism. As far as possible the treatment and
results will be generic, independent of any precise spacetime structure. But as an
example one could consider a wormhole structure where time reverses when passing
through it. The famous Einstein Rosen bridge is such an example[8], although
modifications to make it traversable are speculative. Mathematically two balls
(worldtubes) are removed from R3 (R3 × R) and their surfaces are identified to
create the wormhole. it is non time orientability if the identification reverses the
time direction.
Historically, there have been other approaches to add the extra structure to
spacetime to derive some of Maxwell’s equations. Two notable cases are Kaluza
and Klein adding a 5th dimension to gravitation (Wikipedia has a remarkably
good introduction: ) and then, following the approach of general relativity, to de-
rive combined equations for gravitation and electromagnetism. It is an obvious
extension to general relativity, somewhat undermined by important arbitrary re-
strictions on the 5th dimension. It succeeds in deriving the lorentz force law, but
fails to describe charges. By rolling up the 5th dimension into a small compact
co-ordinate, it effectively creates a U(1) bundle, but uses an assumed metric to
derive equations. A second commonly described motivation for the U(1) structure
is to take the phase of the complex quantum mechanical wavefunction. Source
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free Maxwell equations can be derived and some structures are known where the
topology can induce a quantisation condition for charge. It is the first and simplest
Yang Mills theory. This paper gives a very different physical meaning to the addi-
tional U(1) structure. It is purely classical and the results have a clear geometric
origin.
2 The mathematical structure
Let M be a spacetime manifold endowed with a Lorentzian metric; we further
require M to be asymptotically flat. We model a particle as a region of M with
non-trivial topology that is not time orientable. We can remove the worldtube,
Tw of the particle leaving an asymptotically flat region U∞ =M− Tw ≃ R
3,1 −
(B3×R) which has an approximately Minkowski metric. We make no assumptions
about the region Tw except that it is not time orientable and ∂Tw ≃ ∂(B
3 × R).
U∞ is crucial, it is the spacetime that we experience and do our experiments in.
The whole manifold M is not time orientable, but U∞ is both space and time
orientable; it is the consequences of the lack of a time orientation that are studied
in this paper. The exciting aspect of this work is to understand how the non-trivial
part of the manifold has observable effects in region U∞.
A time orientable manifold can have a Lorentzian metric if and only if there
exists a global timelike unit vector field (see for example O’neill[9, p145]). For a
manifold that is not time orientable a vector field exists up to sign. In other words
a time axis is well defined, even though the positive and negative directions cannot
be defined globally. (If that is not obvious, a vector field can be constructed on the
orientable double cover and then projected onto M). Of course the vector field
is not unique, but the metric structure embodies special relativity and ensures
that the timelike vector field is timelike and unit length for all observers. In the
asymptotically flat region we can choose a normal timelike vector tˆ∞ which is
unique up to Lorentz transformations and sign. The following constructions do
not require a unique timelike vector field.
On an orientable spacetime, on any closed loop, the timelike vector field can be
consistently defined:one might imagine the unit normal vector twisting or turning,
but the result of any rotation is a multiple of 2pi. On a non time orientable manifold,
some paths will result in tˆ changing to −tˆ. This can be treated as a smooth change
along the path by adding a notional angle θ which must integrate to a multiple of
pi on any closed curve. This structure is a U(1) bundle. On a non time orientable
manifold the bundle is necessarily non-trivial.
Formally: on any patches, A,B, of the spacetime manifold we have a trivial
U(1) bundle. At the overlap of the patches the fibres are related by:
θB = θA if tˆB = tˆA
θB = θA + pi if tˆB = −tˆA
(1)
This is the same structure as the orientation bundle. There are a number of
different ways to regard the construction. It could be seen as an extra dimension
for the time direction to rotate in, which is close to the original Kaluza Klein
hypothesis. Formally we add an extra timelike dimension, locally M ⊗ R. A unit
timelike vector tˆ has an associated angle θ which measures where it points in
the time plane. However the full freedom of an extra spacetime direction is not
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required and leads to extraneous fields and parameters that cause problems of
interpretation in the Kaluza Klein theory. A closer analogy is with an embedding
of M into one higher dimension. Alternatively it can be regarded as a complex time
co-ordinate with the U(1) parameter being the complex phase, but this implies
unnecessary analytical complications when taking time derivatives. Note that the
orientable double cover of the manifold is a subset of the U(1) bundle with θ = 0, pi
corresponding to the two orientations on the double cover. The way θ changes
around the manifold is determined by the connection one-form, which in a sense
captures the twisting of the time direction.
It is worth noting the very significant difference between the U(1) bundle de-
scribed here and the bundles formed from the complex phase of a quantum me-
chanical wavefunction, which is the common interpretation and construction of
a U(1) bundle associated with electromagnetism. The approach in this paper is
purely classical and any consequential quantisation is classical in origin and not
an artifact of starting with a quantum theory.
2.1 Gauge transformations and embeddings
The choice of θ = θ(p) p ∈ M on any patch of the manifold is largely arbitrary.
A point by point change to θ is simply a gauge transformation. Our construction
made use of a global time axis, which exists but is not unique. Different timelike
axes are related by Lorentz transformations which change the coordinate system
on a patch of the manifold and rotate the time direction within the tangent bundle,
this has no direct effect on the U(1) bundle construction.
3 Electromagnetism from the U(1) bundle
Starting with a U(1) bundle X,M, pi, U(1) over a spacetime manifoldM and con-
nection one-form ω on the bundle, we introduce a local gauge connection potential,
A, defined on M which is a U(1) valued one form that acts on a tangent vector,
V to give an element of the lie algebra of U(1). It is a U(1) valued one-form, which
describes how θ changes in direction V . All we need is a gauge potentialA defined
in the single patch U∞, but it is important that a global connection ω exists and
holds information about the topology of the U(1) bundle. Since U(1) is an abelian
group the curvature is simply F = dA; and F, unlike A, is global. The first set of
Maxwell’s equations follows immediately from dd = 0:
dF = ddA = 0 (2)
Where the U(1) valued curvature two form of the U(1) bundle, F, corresponds to
the Faraday Tensor.
The second set of Maxwell’s equations can be derived from variational princi-
ples. Using the five dimensional metric on the U(1) bundle we can construct the
Ricci and scalar curvatures for the bundle and take variations of the action inte-
gral. This is the same process and principal as used to derive Einstein’s equations
in 4D spacetime.
The metric, h, on the bundle, compatible with metric, g, on spacetime and the
connection ω is constructed as follows [10, p135]: we introduce the simple metric
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k2dx2u to measure lengths of tangent vectors on the U(1) fibres. The constant k is
analogous to c which converts time intervals to distances and has units of LU−1.
The connection projects out the U(1) component of any vector in the bundle. We
use the bundle projection pi to pull back the metric g to act on vectors in the
bundle.
h = pi∗g + k
2ω ⊗ ω (3)
In component, terms on a patch of the manifold, we use the gauge potential Aµ:
h =


gtt + k
2AtAt gxt + k
2AxAt gyt + k
2AyAt gzt + k
2AzAt k
2At
gtx + k
2AtAx gxx + k
2AxAx gyx + k
2AyAx gzx + k
2AzAx k
2Ax
gty + k
2AtAy gxy + k
2AxAy gyy + k
2AyAy gzy + k
2AzAy k
2Ay
gtz + k
2AtAz gxz + k
2AxAz gyz + k
2AyAz gzz + k
2AzAz k
2Az
k2At k
2Ax k
2Ay k
2Az k
2

 (4)
The form of the equation is the same as the commonly used Kaluza Klein metric,
but it appears canonically as the bundle metric without the ad hoc assumptions
usually added in Kaluza Klein theory. k is naturally a constant rather than a new
field as in Kaluza Klein theory.
Given the metric we can calculate geodesics on the bundle and construct the
action:
S(h) =
∫
X
R(h)vol(h) (5)
where R(h) is the scalar curvature of the bundle and vol(h) is the volume element
on the bundle evaluated using the metric h. Taking variations of the action with
respect to the metric h gives the Einstein equations in five dimensions Gab = 0.
And we can calculate the Einstein tensor in five dimensions directly from the
metric [11]. We use Roman a,b etc for indices {t,x,y,z,5} and Greek µν for the
spacetime indices {t,x,y,z} :
Gab = 0⇒ Gµ5 = 0⇒
k2
2
gαβ∇βFνα = 0 (6)
which is neatly expressed as:
⇒ d*F = 0 (7)
Which is the second Maxwell equation. The spacetime components give:
Gab = 0⇒ Gµν = −
k2
2
gαβFµαFνβ +
k2
8
gµνFαβF
αβ (8)
which is the usual form of the electromagnetic stress energy tensor, although it
should be noted that the derivation is geometric and does not have the physical
units of energy - there is no meaning to a mass. A third equation is:
Gab = 0⇒ G55 = 0⇒ R =
3k2
4
FαβF
αβ (9)
Equations 6 and 8 are cited as the miracles of Kaluza Klein theory, although they
only arise naturally from a U(1) bundle theory. Equation 9 is enigmatic, it is
unavoidable in the U(1) bundle approach and has no clear physical meaning. In
the full Kaluza Klein approach ψ = k2 can be treated as a scalar field rather than
a physical constant as is natural in the U(1) approach. With a variable field k, all
the equations have extra terms with derivatives of k, which are not shown above.
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4 Apparent charges
Charge is normally treated as a fundamental entity with a charge density being
well-defined. The total charge in a region is calculated using volume integrals.
Stokes’ theorem is subsequently used to relate the flux through a closed surface
(e.g. S2) to the actual enclosed charge. In this paper we take a different approach
and use surface integrals in the region U∞ to define apparent charge. This is where
our experiments take place and it is a concept of charge that is accessible and
relevant. While the apparent charges are completely compatible with the existence
of real charges they do not depend upon the valid application of Stokes’ theorem,
actual charges don’t need to exist. For apparent magnetic charge:
Qm =
∮
S2
F
?
=
∫
V :S2=∂V
dF = 0 (10)
Where the second equality is valid when V is a compact orientable volume (of 3
space) bounded by S2. Note that S2 is not necessarily the boundary of any three
volume, in which case the second equality fails. One mouth of a wormhole threaded
with magnetic flux is a well known counterexample. Similarly for the conserved
apparent electric charge:
Qe =
∮
S2
*F 6=
∫
V :S2=∂V
d*F (11)
The second equality not only requires S2 to be the boundary of a compact
volume, but also requires a consistent time orientation in order to have a well-
defined Hodge star operator. Hence a manifold,M, that is not time orientable can
allow apparent electric charge from source free equations. This approach is unique
in classical physics in deriving both Maxwell’s equations and electric charges from
a single simple assumption - the non orientability of time.
In the asymptotic patch U∞ the equations 2,7,10 and 11, are all valid. Applica-
tion of Stokes’ theorem in U∞ gives the inverse square law for electric or magnetic
fields from both real and apparent sources of charge.
4.1 Conservation of apparent charge
Conservation of charges in a space U3 is conventionally proven by construction
of a four volume V 4 = U3 × I of the space and time direction [1]. However to
use Stoke’s theorem in U∞ with apparent charges. We construct a three volume
V 3 = ∂U3t=0 × I. Conveniently, ∂V
3 = ∂U3t=0 ∪ ∂U
3
t=1 giving:
0 =
∫
V 3
d*F =
∫
∂V 3
*F = −
∫
∂U3
t=0
*F+
∫
∂U3
t=0
*F (12)
The apparent charge at t = 1 equals the apparent charge at t = 0. The integrals
all take place in U∞ in regions free of actual sources. Equation 12 is equally valid
for apparent magnetic charges.
Well known counterexamples to 10 and 11 exist where V 3 is not compact. e.g.
manifolds with a defect, point or worldline removed, which are commonly used
to reconcile Maxwell’s equations with sources of charge. The Dirac monopole is
such an example (see for example [1]), although the most common examples are
manifolds which are not geodesically complete.
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4.2 Quantisation of apparent charges
The previous section that introduced charges made no use of the U(1) bundle
construction or the link to orientability. However the integral of apparent magnetic
charge is not only a topological invariant, but is also characteristic of the U(1)
bundle. The integral is related to the first Chern cohomology class c1 ∈ H
2
deR(M :
R) which is a topological characteristic of the U(1) bundle independent of the
choice of connection.
1
2pi
Qm =
1
2pi
∮
S2
F =
∮
S2
c1 = n ∈ Z (13)
The periodicity of the U(1) bundle gives a natural metric on the fibres where a unit
corresponds to one cycle. If we measure the periodicity in radians then a factor
of 2pi is required - as shown above. If we use a complex phase eiφ then a factor
of −i/2pi is required. The magnetic charge is quantised in units of 2pi provided
that H2 is non-trivial. For a trivial bundle n = 0 and there cannot be magnetic
charges. In our construction the non-orientability of time requires the U(1) bundle
to be non-trivial and hence n 6= 0 for some closed surfaces. Magnetic charges
are unavoidable. Apparent electric charges can exist, but there is no topological
quantisation as for magnetic charges.
Aspects of this argument are well known and usually described as a Dirac
monopole [1]. It is worthwhile to distinguish the arguments. A key difference is
the origin of the U(1) bundle: In this paper it arises naturally and inescapably
from the geometry and non time orientability. In earlier works the U(1) bundle is
related to the phase of the quantum mechanical wavefunction - quantum theory
and some aspects of quantisation are assumed at the outset. In contrast, this
paper is entirely classical and is unique in deriving both Maxwell like equations
and quantised charges without invoking quantum theory. A common treatment of
the Dirac monopole is to consider geodesically incomplete manifolds (by removing
a point at the origin of R3), In this paper spacetime is geodesically complete and
space is also compact.
Our construction requires a non-zero magnetic charge, other approaches allow
it. The status of apparent electric charges is not clear. Equation 7 combined with
Stokes’ theorem in region U∞ ensures that there are no apparent electric charges
associated with contractible surfaces S2 in U∞. For surfaces enclosing the world
tube Stoke’s theorem breaks down. The integral theorem 13 does not apply because
*F is not a curvature two form of a U(1) bundle. It is not just the construction that
distinguishes F, from *F, the fact that *F is not globally defined means it cannot
be a curvature form. So that electric charge is neither forbidden nor required.
To take the specific example of a time reversing wormhole described earlier.
The wormhole mouths would be equal and opposite magnetic monopoles, while
the structure as a whole could have net electric charge because lines of electric
field flux entering one mouth would exit the other mouth with direction reversed,
each mouth would have an equal charge of the same sign. In the exterior region
U∞ the structure exhibits a net electric charge and a magnetic dipole.
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4.3 The relation to electromagnetism with sources
The constructions above derive equations of the same form as classical electro-
magnetism, but without the units being established, it is entirely geometric and
there is no notion of mass nor units of energy. Fundamentally the equations are
source-free. However the structures we are describing with non-trivial U(1) bun-
dles, lead to equations in U∞ that have apparent charges, potentially both electric
and magnetic. The effective equations:
dF = *Jm (14)
and
d*F = *Je (15)
are appropriate. Unfortunately, despite the symmetry of the equations, there is
no Lagrangian that gives both 14 and 15 with source terms. (One can be con-
structed at the expense of introducing a second gauge potential [12]. That is a
complication that we don’t want to pursue here). If F is a curvature two form
then F = dA and dF = 0 by construction, contrary to equation 14. Therefore in
R
4 spacetime, we cannot construct the obvious equations for apparent magnetic
charges. The symmetry of the homogeneous equations F = 0 and *F = 0 suggests
duality transformations in R4 that can convert E and B fields (see [2] for exam-
ple), so that one or the other can have source terms but not both. However this
rotation interchanges F and *F, and in the U(1) bundle construction they are not
interchangeable, only F is a curvature two form.
The specific wormhole model described has net electric charge and no net
magnetic charge. We can extend region U∞ to create a lab frame, replacing the
worldtubes with point singularities. In the lab frame it is adequately described by
equations 2, 7 and corresponds to conventional electrodynamics in form.
5 SI Units
Equations 2 and 7 are deceptively similar to Maxwell’s equations. While the math-
ematical form is the same, the physics content is not at all obvious. Here we com-
ment on the tensorial forms of each entity and apply dimensional analysis to add
constants where appropriate and to highlight unresolved physics issues.
Mathematically, working throughout with an orthonormal basis, it is relatively
straightforward, but it becomes more complicated for physicists who want to dis-
tinguish space from time coordinates and use different units for each, the simple
practice of setting c = 1 hides many subtleties. The equations have tensorial
structures like vectors and two-forms and also have coefficients that have physical
dimensions giving rise to the units of measure. The numerical value of the tensor
coefficients will change as the units change. Obviously adding several terms of an
equation requires consistent tensor form as well as consistency of units.
We have basic length, L, and time, T, units and the metric which adds them
has a conversion factor of c. In addition the model has a new unit, U, arising
from the U(1) bundle. The connection one-form takes values in the Lie algebra
of the U(1) bundle (the tangent space associated with the U(1) dimension). We
denote dτ as a timelike orthonormal base vector with units L−1 in common with
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dx, dy, dz. While dt as a timelike base vector with a magnitude dependent on c
and having units of T−1, cdt = dτ . For example:
A = A0dτ +Axdx+Aydy +Azdz = A0cdt+Axidxi (16)
where i takes values x, y, z In an orthonormal basis the two-forms: F and ∗F are
U valued with units UL−2. The three-forms are dF and d*F which are U-valued
with dimension UL−3. When working with spacetime co-ordinates the forms with
a dt component includes a T−1 dimension and the coefficient has a compensating
factor c with dimensions L−1T .
Analysis of the units and spacetime symmetry requires a distinction between
the space and the time components. Although equations 2 and 7 are mathemat-
ically neat, the symmetry is more evident using the vector fields like E and B.
Here we convert to spacetime co-ordinates distinguishing time from space indices.
We write F as:
F = F0idτ ∧ dxi + Fijdxi ∧ dxj (17)
= −Eidt ∧ dxi +Bkdxi ∧ dxj
Which defines the electric and magnetic fields with units of UL−1T−1 and UL−2
respectively. The dual two form *F is more complicated:
*F = Fjkdτ ∧ dxi + Fi0dxj ∧ dxk (18)
= Bicdt ∧ dxi + Ei/cdxj ∧ dxk
Apparent electric charge defined by the surface integral of ∗F (equation 11) has
units of U as does magnetic charge, although Qm is the integral of the B field, but
Qe is the integral of E/c. When the time components are distinguished, Maxwell’s
equations 2 and 7 become the following four equations:
dFijk = 0 = ∂iFjkdxi ∧ dxj ∧ dxk
⇒ ∇.B = 0
dF0jk = 0 = (∂τFjk + ∂kF0j − ∂jF0k)dτ ∧ dxj ∧ dxk
= (∂tBi/c− ∂kEj/c+ ∂jEk/c)cdt ∧ dxj ∧ dxk
⇒ ∂tB+∇×E = 0
And collecting the components of d ∗ F = 0:
d*Fijk = 0 = ∂i ∗ Fjkdxi ∧ dxj ∧ dxk
= ∂iFi0dxi ∧ dxj ∧ dxk
⇒ ∇.E = 0
d*F0jk = 0 = (∂τ ∗ Fjk + ∂k ∗ F0j − ∂j ∗ F0k)dτ ∧ dxj ∧ dxk
= (∂tEi/c
2 + ∂kBj − ∂jBk)cdt ∧ dxj ∧ dxk
⇒ ∂tE/c
2 −∇×B = 0
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These give the source free Maxwell equations in a form consistent with SI units.
Dimensional analysis gives the following correspondence rules:
E = αcε0ESI (19)
B = αc
1
µ0c
BSI = αε0BSI (20)
Where α is a dimensionless constant. Most other entities follow the same transla-
tion rules. The energy momentum tensor is more complicated in SI units. Einstein’s
equations derived from the U(1) theory 8, is a very simple form; the left hand side
is a function of spacetime curvature (units L−2 ) and it is equated to an expression
based on the U(1) curvature. A single conversion factor, k, is required to convert
U(1) vectors to SI units of length. There is no mass dimension and the expression
with the appearance of the energy momentum tensor has units of U2L−4. SI units
add an additional factor 1/µ0 to give units of energy density and include the factor
G/c4 to convert the whole RHS to units of L−2. This gives the equivalence:
k2
2
= 8pi
G
c4
.
1
µ0
.
1
c2ε2
0
.
1
α2
(21)
hence, the Einstein equations and curvature of spacetime provide a link to
determine k2α2.
6 Equations of motion
Although we have derived Maxwell’s equations, or at least equations that are
superficially the same, we do not have an equivalent of the Lorentz force law:
mx¨ = e(E+ v×B) = eF.u (22)
as written in the traditional vector form and the covariant formulation. It is an
equation for the motion of a particle of charge e moving with a 3-velocity v,
(represented by the 4-vector u.) In fact it is sufficient to derive the Coulomb force
eE, equation 22 can then be obtained by a Lorentz transformation.
6.1 Geodesic equations of motion
In the spirit of our geometric U(1) bundle approach showing that a charged particle
follows a geodesic path (in 5 dimensions) which corresponds to the Lorentz force
law is most appealing. It does not require the notion of force, energy or mass, none
of which appear in the equations naturally. to a large extent this can be done.
One of the achievements of the Kaluza-Klein theory is that the geodesics in 5D
space project onto 4D spacetime as non-geodesic paths that can be interpreted as
the Lorentz force law. The same is true with the U(1) construction, but the results
arise naturally without the added assumptions of Kaluza Klein theories. From the
metric 5D metric hab 4 the connection can be calculated in the usual way:
Γ abc ≡
1
2
had(∂bhdc + ∂chdb − ∂dhbc) (23)
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and inserted into the geodesic equation of motion:
d2xa
ds2
= −Γ abc
dxb
ds
dxc
ds
(24)
Where all indices vary over (t,x,y,z,5). This give an equation for the U component:
d2x5
ds2
= −Γ 5bc
dxb
ds
dxc
ds
(25)
The solution of which shows that motion in the fibre is constant (see for example
[13]), noting that it includes both specific motion in the x5 coordinate and a
contribution from the space and time vectors:
W = k2(
dx5
ds
+Aα
dxα
ds
) = constant (26)
The constant of motion is derived more elegantly, but abstractly, in [10, p144].
The spacetime components of 24, with s, as proper time, give:
d2xα
ds2
= −Γαµν
dxµ
ds
dxν
ds
+WFαβ
dxβ
ds
(27)
This gives a familiar looking equation. The first term is the 4D geodesic motion in
curved spacetime; the second is a non-geodesic term giving the lorentz force law
provided that W is identified with the charge to mass ratio of the test particle
W = e/m. This is claimed to be one of the great successes of the Kaluza Klein
theory, but the claim is somewhat optimistic and uncritical. The Kaluza Klein
equations don’t have explicit charges of electrical or magnetic monopoles and are
symmetric between E and B fields. Effective charge can be measured from surface
integrals, but there is no link between the notion of electric charge as a source of
the fields and electric charge embodied in the constant W . There is no way for a
mass dependency to enter the equations.
6.2 Change of energy
One classical route to obtain the Lorentz force law is to analyse the change in
electromagnetic energy and equate it to force times distance to get the Coulomb
force equation, but we have no expression for energy - although we have equation
8 with an apparent energy momentum term it looks like the classical term for
electromagnetic energy, but without the dimensions of energy.
Another classical approach is to add matter-electromagnetism interaction terms
to a Lagrangian, there are very few forms that give any non-trivial outcomes and
the one we are familiar with is the simplest. We would rather not make such
assumptions. After all,“no interaction with matter” seems to be a plausible theo-
retical outcome. Implicit in this approach is to equate the constant e in equation 22
with the charge of a particle that appears in equation 11. The identity of the two
is fundamental to classical electromagnetism, but is absent in these approaches to
deriving the Lorentz force law.
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6.3 Energy conservation equations of motion
Conservation of energy for a charge moving in a field is an alternative way to derive
a force law, using Fem = dU/dx relating the force on a charge to the change of
energy. It is sufficient to derive the equations for electrostatics and then use a
Lorentz transformation to get full equations. A simple example is to consider the
energy change as two charged plates of a capacitor are moved closer together.
With symmetry and locality assumptions, this gives F = q.E. Unlike the geodesic
equations above, the charge in the equation is the source of the field. Essentially
the field is calculated from Maxwell’s equations with a source term. And because
it gives a force, rather than an acceleration, a mass term is not required. And it
is equally valid for apparent charges. Uniquely, this simple approach will give a
version of Lorentz force law for magnetic monopoles
A more rigorous treatment is to take the divergence of the electromagnetic
energy momentum tensor. However this requires equation 8 to have an additional
source term. FollowingMisner, Thorne and Wheeler [2, p89], for example, it follows
that:
∂Tµν
∂xν
= −JαF
µα (28)
As with the capacitor example, the charge current density is the source of the field
through the equation d*F = *J, (the derivation also used dF = 0.) This cannot
work for magnetic monopoles and F being a curvature of the bundle, because a
source term for magnetic monopoles contradicts dF =ddA = 0.
Neither approach works directly for the source free equations, which is perhaps
hardly surprising: it is formulated in terms of continuous charge distributions and
does not immediately apply to apparent charges. However given apparent sources,
the homogeneous Maxwell equations can be solved for the regions outside the
sources. In the capacitor example the results would be true for apparent electric
charges in an electric field and for magnetic monopoles in a magnetic field.
All the approaches work to some extent, though all require at least one extra
assumption. More positively, they all give derive the same Lorentz force law for
electric charges that we are familiar with.
7 Quantisation of electric charge
Section 4.2 gave a quantisation condition for magnetic charge 13 . Although there
is no equivalent topological argument for electric charges, the wormhole example
gives an indirect quantisation. The wormhole has two mouths, they have equal
electric charges and equal, but opposite quantised magnetic charges. For a static
solution Qm = Qe. This quantisation based on the dynamics seems unconvincing
because the unit of electric charge is so universal.
8 Conclusion
The simple and well motivated hypothesis that time is not orientable, leads to
the equations of electromagnetism and the existence of electric charges. Many
aspects of the paper are well known consequences of a U(1) bundle structure
Electrodynamics and time orientability 13
over a spacetime manifold, but these results give an original explanation for the
U(1) bundle structure and they naturally explain the existence of charge. The
work therefore extends the Kaluza Klein ideas by motivating the structure and
constraints that underpin it, while also extending the homogeneous equations to
include charge.
Deriving the U(1) bundle as a measure of the twisting of the time axis is new,
as is the application to manifolds that are not time orientable. Like Kaluza Klein
theory, it is purely classical, but free of the complications and ad hoc assumptions
required by full 5D Kaluza Klein theories. It is remarkable how so much is derived
from such a simple construction without additional assumptions.
The connection with quantum theory is intriguing. Classical structures that
are not time orientable have close links with quantum phenomena such as the
logical structure [4], particle creation and annihilation [14] and spin half [7] The
derivation of Maxwell’s equations and electric charge is just another result from
the same premise of non time orientability.
Electric charges are a natural feature of the model, but quantisation only ap-
pears naturally for magnetic monopoles (which arise in pairs). However, adding
elements of quantum theory to the monopole structures leads to quantisation of
electric charge. The simplest such argument uses quantisation of angular momen-
tum, but the argument fails when more than one monopole is introduced. The
other approach uses a wavefunction for a charged particle [1, p262]. Uniqueness of
the phase of the wavefunction leads to quantisation of charge. This is a tantalis-
ing link between the complex phase of the wavefunction and the orientability of
spacetime.
Acknowledgements I am most grateful to Dr Paul Bryan for help formalising the U(1)
bundle structure.
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